
ON TfIE METHOD OF CHARACTERISTICS IN TEE THEORY 
OF MOTION OF A MULTICOMPONENT MEDIUM 

(0 HETODE KHAUAKTERISTIK V TEORII DVIZKENIIA 
MNOGOKOMPONENTNOI SREDY) 

PMM Vo1.23, No.2. 1959, pp. 391-394 

Ia. 2. KLEIYAN 
(Woscor) 

(Received 10 October 1957) 

The equations of motion and continuity for the multicomponent medium in 
a Cartesian coordinate system have been obtained in [l 1. Analogous eoua- 
tions may be written in curvilinear coordinates. 

We sill confine ourselves to the consideration of plane, cylindrical 
and spherical waves. * The number of the component of the mixture is equal 
to N. 

Using the Cartesian. cylindrical and spherical coordinate systems, for 
the consideration of the three cases, as usual we have in general the 
equations of motion and continuity (neglecting the influence of the mass 
forces) : 

where p is the pressure, v,,, pi, pa are the velocity, the actual and the 
partial** density respectively of the n-th component, and K. is the 
function of the interaction of the n-th component with j-th’tomponent. 

l The case of plane waves as applied to the two-component medium is con- 
sidered in [ 1 1. 

l * Partial density of the n-th component in a given volume of the mixture 
is called the density which the n-th component would have if it alone 
occupied all of that volume. 
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For plane waves s = 0, for the cylindrical and spherical waves s = 1 
and s = 2 correspondingly. In the cases of axial and spherical symmetry 
we denote the magnitude of the radius-vector in the corresponding coordi- 
nate system by X. 

To system (11, (21 we add the equation 

$L1 
Pd 11’1 -71 

(31 

which results from the fact that the magnitude p,/p”, is the part of the 
unit volume of the medium occupied by the n-th component. We also add the 
relationships 

P = f, (P;y P,. I&) (n = 1, . . . . Iv) (4) 

where pg. pOi are initial values of the pressure and the actual density 
of the n-th component. 

In this way, we have a closed system of 3N+ 1 equations. 

We will derive the equations of characteristics of this system. For the 
parameters specified along the characteristics, we may Write 

du,,=$dt+ $d,, (n = 1. . . . , iv) 

Hence it follows 

au,, dv, av, dx ---- 
dl= dt 

ap, _ dP1, aPn dx 

dx dt ’ bt -dt -azz 
(II = 1, . . . . R 1 

Substituting these expressions into (11 and (2), we have 

where 

Eliminating d,,/dz from these expressions, we obtain 

@TX 1 
-z = (v, - xt)’ pi ax [ 

f++ pnd~-(vn-xJj-&- dpn + $ P”?,) -i K,,, (Vi - qJ] 
j-z1 

(5, 
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Taking the partial* derivative of (3) with respect to x and consider- 

ing the relationship 

%L0 1 aP -=-- 
dx an2 ax 

where an2 = dp/dp,,’ is a known function if relationship (4) is given, we 
have 

Substituting (5) into this equation, we obtain 

1 1 
(v,, -x1)1 

-- = 
a2 

n 
3 

Equating the coefficient of 6’p/ax and the right-hand side of the last 
equation, we obtain the equations of the characteristics: 

:6) 

It may be shown that equation (6) coincides with the equation which 
governs the velocity of wave propagation of a weak discontinuity in the 
mixture. Thus. as in the case of a one-component medium, the character- 
istic surfaces of the system of equations (l)-(4) and the surfaces of 
propagation of weak discontinuities are identical. 

Investigation of equation (6) shows that the quantity of real character- 
istics for a given number of components of the mixture may vary (from 
2 to 2N) according to the parameters of the medium. Also some character- 
istics may prove to be imaginary, or there are coincident multiple real 

l Note that equation (3) may be either partially differentiated with 
respect to t (at a given fixed point in space), or partially with res- 
pect to the coordinates (at a given moment of time). Taking the total 
derivatives with respect to 1 does not have a physical meaning in the 
general case, as the particles of different components which at a given 
moment were at one point in space may be at different points at the 
next moment. 
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characteristics. Thus it is not always possible to apply the usual method 
of characteristics to the solution of problems of non-static motions of 
mixtures. in contrast to the one-component medium. For the numerical sol- 
ution of the problems it is necessary either to supplement the equations 
of characteristics with initial equations, written as finite differences, 
or to use only the connective equations of the initial system. 

Let us note that when the mass forces F (n = 1, . .., N) are taken into 
consideration in the case of the one-component motion of the medium along 
the direction of action of these forces, an additive F appears on the left- 
hand side of equation (l), and equation (7) then assumes the form 

o(v Lx )2 [Pr$ 
N 

I( 71 1 
- (v,, -- x1) ‘2 - 2 Kj,, (uj --a,,) - @,) = o 

j=l 

Consider the case of a two-component medium. The equations of charac- 
teristics are then written in the form 

p% (u2 - “3 + ps (VI - 4” - [$& + & ) (Ul - x1)$ (V2 - x1)* = 0 (82 

where 

P2P1° (Ul - “# bl 

p1p2O (u2 - 2&Z = - &- 
_ 

dpi SD. 

bi = (vi - zt) i’L - + 2) - 
dvi 

K (vz - UI) 

L Pi lYlt zf p. 1 

(9) 

(i = 1, 2) 

where the plus 

Introducing 

sign corresponds to i = 1 and the minus sign to i = 2. 

the notations 
z=xt--v 

1’ 
y = x1 - v2 (101 

equation (8) will be represented in the form 

(11) 

From (10) we have 
z=y+Av (AU = LJ~ - cl) (12) 

The graphs of functions (11) and (12) are represented in the figure. 

The points of intersection of the curves (11) with the straight lines 
(12) yield the values y and z, from which the x quantities are determined 
which correspond to the real characteristics. We see that with the in- 
crease of the quantity (hv 1 f rom zero to some critical value IA vcj , 
corresponding to the points M2 and M ‘, there are two different real 

characteristics, while for [A VI > lb ~~1 there are four different real 

characteristics. In the case 1 A v ( = (hv, 1 , two real characteristics 
(out of four) coincide. 
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Thus, the application of the usual method of characteristics in the 

case of two-component medium is possible for the values ]Aw/ > lAujf. 

We will show, however. that IA vI 1 is by no means of insignificant 
magnitude : it is of the order of the velocity of propagation of the 
perturbations in a two-component medium, and consequently, in many cases 

Indeed, when calculating the derivative dsldy from (11) and consider- 
ing that at the points M2 and M2’ dz/dy = 1. because of (121, for the 

given points we obtain 

?/k = & - @i&i = f al 

‘k = (“t - vt)k = ‘f ult4” 1, 

These expressions lead to 

bvk-== &Ra. 

where 

, C 1’ / / / ,4 
/ / 

/ / 
/ , 

/ / -- 

% 

* r- 

/ / / / 

The quantity (I is the wave propagation velocity of weak discontinuities 
in an initially siagnant two-component medium (in the case vi = v2= ~6 
froa (8) we obtain x1 - Y = 2 0.1. It is easy to verify that the coeffi- 
cient B varies within the limits 

Consequently. for the evaluation of the values of 1 A uk 1 we have 

a, < I Auk I < 2a. 

Thus. in the case of a twd-component medium, in may problems of current 
practical interest, the number of real characteristics is equal to two, 

i.e. the usual method of characteristics cannot be applied. 
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